During the past decade, the interaction of high-intensity lasers with solid targets has attracted much interest, regarding its potential in accelerating charged particles. In spite of tremendous progress in laserplasma based acceleration, it is still not clear which particle beam quality will be accessible within the upcoming multi petawatt (1 PW = 10 15 W) laser generation. Here, we show with simulations based on the coupled relativistic equations of motion that protons stemming from laser-plasma processes can be efficiently post-accelerated using crossed laser beams focused to spot radii of a few laser wavelengths.
Accelerating charged particles is of paramount importance in a wide variety of fields, ranging from medicine [1] [2] [3] [4] and material science [5] to being used to resolve the smallest structures of our universe [6, 7] . The rapid development of high-intensity laser systems which are likely to exceed in the near future 10 25 W cm −2 [8, 9] rendered particle beam creation by laser-matter interaction feasible. Laser-driven accelerators offer the unique feature of ultra-high electric field gradients of several TV m −1 , outperforming those in conventional accelerators by more than six orders of magnitude and thus offering the possibility of compact and low-cost devices [10] . Electron [11] and proton beams have recently been generated by focusing high-intensity laser light onto solid targets. This mechanism of target normal sheath acceleration (TNSA) [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] is realized by the strong quasi-static electric field induced by the ionization and acceleration of electrons by the intense laser field. A further laser-plasma-interaction process, the skin-layer ponderomotive acceleration (S-LPA) resulting from the huge electric potential gradient of the plasma leads to ion beams of high density [24] . To date the energy resolution and the ion kinetic energy of the generated beams merely reach the parameters required for skin-deep neoplasm, i.e. excluding deep-seated tumors. Furthermore there is still controversy [15] which beam quality, i.e. which total particle number, kinetic energy and energy spread will be accessible with the forthcoming multi petawatt-class laser systems [8, 9] .
In this article we investigate the vacuum post-acceleration of plasma-generated ions by means of lasers in a single or crossed-beams configuration. This scheme of laser particle acceleration was first proposed for electrons [25] [26] [27] . The basic idea is to send the protons originating from a TNSA or S-LPA experiment through the crossing point of two laser beams at a half-angle θ with respect to the z-axis (see Fig. 1b for a scheme and a coordinate system). Within the simple planewave picture and assuming the laser fields to have the same amplitude, frequency, phase and to be polarized as shown in Fig. 1b , the resultant electric field component along the symmetry axis of the set-up vanishes for all points on the x-axis. At the same time, the x-component, increased by constructive interference, violently accelerates the particles. Such a coherent combination of intense beams is experimentally feasible (see p. 52 of Ref. [8] ). Subsequent motion of the charged particle ejected from the focal region and no longer interacting with the laser pulse may be taken as linear. The results of our theoretical simulations demonstrate that the protons gain kinetic energies larger than 200 MeV (employing two crossed beams each with a peak intensity of 1.9×10 24 W cm −2 ) with an energy spread of roughly 1%. Furthermore (assuming a realistic repetition rate of 10 Hz [8, 28] ), the total number of generated protons reaches 10 10 min −1 . For the first time, all 
Results
In order to generate ultra-strong accelerating fields [8, 9] of 10 24 W cm −2 , one needs to focus the laser field to a beam waist radius on the order of the laser wavelength [29] . This necessitates an accurate description of the fields beyond the widely-used paraxial approximation. The parameters of a linearly polarized Gaussian beam which propagates in the z-direction and is polarized in the x-direction and subsequently rotated by θ i (Fig. 1a) will be used to model the fields, i.e. the beam waist radius w 0 , the Rayleigh length z r = πw 2 0 /λ, where λ is the laser's wavelength, and the diffraction angle is ε = w 0 /z r = λ/(πw 0 ). The expressions giving the Cartesian field components
, as well as the expression for the power of the fields to order ε 11 in the diffraction angle can be found in the Methods section and for more details we refer to Refs. [30, 31] . For the intensity profile of the employed Gaussian beams see Fig. 2 .
High-intensity laser systems provide their energy in short pulses which are already sufficient to accelerate particles to high velocities [32] . Employing pulsed fields also ensures that the particles injected into the focus get captured rather than reflected. To the lowest order in time, this can be described by multiplying the electromagnetic field components with a Gaussian temporal envelope factor,
with ∆t defined via the Full Width at Half Maximum (FWHM) pulse duration ∆t FWHM = 2 √ 2 log 2∆t. This approximation is valid for T /∆t FWHM ≪ 1, with T being the laser period.
For the titanium-sapphire laser with wavelength λ = 0.8 µm (T = 2.65 fs) and pulse durations of ∆t 10 fs used in our simulations, this turns out to be an adequate description. Hence, further temporal corrections [33] which describe the field solutions as a dual power series in the diffraction angle ε and in the small ratio T /(2π∆t) can be neglected.
The motion of an ensemble of N identical particles of mass m and charge q in the electric and magnetic fields E and B, respectively, of a laser beam is considered classically, with randomized initial distributions. The use of laser systems of high intensity (exceeding 10 24 W cm −2 for protons) requires a relativistic treatment of particle motion. Thus, the dynamics is governed by the coupled Newton-Lorentz (or energy-momentum transfer) equations (given in SI units):
The relativistic energy and momentum of a given particle labeled with j are denoted here by E j = γ j mc 2 and p j = γ j mcβ j , respectively, with β j = v j /c its velocity scaled by c, and γ j =
(1−β 2 j ) −1/2 its Lorentz factor. The fields mediating inter-ionic interaction are given in the Methods section. To obtain the kinetic energy gained by interaction with a laser beam, numerical solutions of the equations of motions will be sought. A numerical integration of equation (2) Foremost, we carry out simulations based on the coupled equations of motion equation (2) for an ensemble of 50 particles at later used particle densities in order to determine the dominant nearest-neighbor contribution of proton-proton interaction effects on the resulting particle beam.
Due to the dominating ponderomotive laser forces which lead to a fast drifting apart of the ensemble's particles, for relativistic laser intensities, i.e. > 10 24 W/cm 2 for protons, it turns out that the dynamics, the energy gain and its spread are influenced negligibly by inter-ionic interaction.
This is in contrast to the non-relativistic laser regime. Here, the repulsive Coulomb interaction is the prevailing part of the interaction, which is in this case non-negligible compared to the electromagnetic fields of the laser. As a consequence, the accelerated ions occupy a larger phase space volume. From radio-oncological point of view we are interested in proton beams of fully relativistic energies, hence for further calculations at these energies and densities it is sufficient to study the uncoupled equations of motions only, i.e. we set B int.
. The definition of a coordinate system for the crossed beams set-up depicted in Fig. 1b is given by the coordinate transformations x 1 = x cos θ − z sin θ, y 1 = y, z 1 = x sin θ + z cos θ for the first beam and x 2 = x cos θ + z sin θ, y 2 = y, z 2 = −x sin θ + z cos θ for the second beam, respectively.
The resulting field components which enter equation (2) are
Choosing a small crossing half-angle θ leads to constructive addition of the dominating xcomponents of the electric fields in equation (3) . The adding of further laser beams would further increase the laser intensity and hence the exit kinetic energy of the accelerated particles. With respect to the energy spread one cannot achieve substantial improvement, however. For all subsequent simulations we restrict our analysis to the case of two crossed beams and set θ = 3
• .
In order to simulate a realistic particle injection into the focal point of the laser pulses, we consider an ensemble of 5000 particles initially randomly distributed in a micron-scale volume V focus oriented along the z-axis. Initially, we have to ensure that the ensemble is not already exposed to the laser fields. This is realized by starting the simulations at time t ≤ −5∆t. At these initial times the electromagnetic fields are damped by the Gaussian envelope factor such that the particles' motion is only negligibly influenced by the external laser fields. that in the unphysical case when the particle is directly exposed to the laser fields (dashed line), it immediately gains energy and is ejected out of the focus after one laser cycle. In a realistic setting, we choose an initial time of t = −10∆t: the particle slowly starts to oscillate and then gets captured and accelerated by the approaching pulse (full line). Choosing the initial time to be t = 0 would lead to an energy gain overestimation by a factor of approximately three.
The volume initially containing the particle ensemble has a length of the order of the laser wavelength and a radius of tens of nanometers, dependent on the focus diameter of the applied laser system, ensuring that all protons are exposed to a homogeneous field. The particles will be 
Discussion
Our main interest is in the energy gain, or exit kinetic energy, of the nuclei, their trajectories and, hence, the aspects that determine the quality of an accelerated beam of such nuclei. In Tab. 1, simulation results for the laser acceleration are summarized. The single and crossed beams scheme are compared at same total laser power P , pulse duration ∆t and focus radius w 0 . The energy gain is ranging from 59 MeV to 233 MeV in case of the crossed beams setup and from 28 MeV to 113
MeV for injection of the ensemble into the focus of only one beam, respectively. Looking at the energy spread one can see that for the crossed beams it is always 1% and a little higher for the case of the single beam setup.
Moreover, one can see from Tab. 1 that for the systems studied here, the average exit kinetic energyK obeys for constant injection angle and injection energy the rough scaling behaviorK ∝ I ∝ P/w 2 0 . This behavior results from the fact that the optimal acceleration regime depends strongly on the pulse duration ∆t rather than only on the electric field strength. It is achieved for the laser-particle interaction length being of the same order of the Rayleigh length. In Ref. [34] the same scaling behavior was derived for electrons. Therefore, in order to maximize the energy gain of the accelerated protons we first choose the laser power P and the focus radius w 0 , and then adjust to the optimal pulse duration ∆t.
A further scaling law can be derived for the particle number, which is proportional to the focal volume. Using V focus ∝ w [24] . The latter yields particle numbers of 10 7 per laser shot. Combined with lasers operated at 10 Hz repetition rate [8, 28] this ion number is sufficient for cancer therapy while for the TNSA mechanism a modest improvement would still be necessary.
Such improvement can e.g. be achieved by substituting the assumed titanium-sapphire laser by a super-intense CO 2 laser with a typical wave length of λ = 10.6 µm. Using the fact that the waist radius w 0 ∝ λ and hence the Rayleigh length z r ∝ λ, the focal region thus increases by three orders of magnitude. Consequently, the ion density needed decreases by three orders of magnitude and the needed laser intensity by two orders of magnitude. In the near future the use of high repetition rate laser systems [8, 28] will further decrease the number of protons needed per shot.
The combination of the laser-plasma mechanism as a proton source and the post acceleration process by means of single or crossed laser beams places laser acceleration of particles on the cusp of medical feasibility utilizing present-day or near-future laser technology [8, 9, 28] , while anticipated costs are presently on the scale of those for current synchrotron facilities (cf. [36] and [37] ). The rapid advancement of laser technology renders significant reduction likely for the near future. All requirements needed for broader radio-oncological use may be achieved: sufficient proton density and exit kinetic energies, and sharp energy spread of approximately 1 %. The scheme that we introduce in the present work calls for tight focusing mechanisms [29] and relies on results of laser-plasma-interaction research [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Methods

Description of a tightly focused linearly polarized beam
The electromagnetical field components of the tightly focused linearly polarized beams which we employ in our simulations can be given as a power series in the diffraction angle ε. Their functional form is given by
With ω the angular frequency of the fields, ξ = x/w 0 , υ = y/w 0 , ζ = z/z r , ψ G = tan −1 ζ, and r = x 2 + y 2 , ρ = r/w 0 , the remaining symbols in equation (4) have the following definitions
where
and ψ 0 is a constant initial phase. Also, t is the time and k = 2π/λ is the wavenumber. On the other hand, with E 0 → E 0l , the power expression may be given, to the same order in ε as the field components, by
where c is the speed of light in vacuum, µ 0 is the permeability of free space and E 0l is the electric field amplitude, with l standing for linearly polarized. Note that E 0l ∝ √ P l and that the leading term in E 0l is inversely proportional to w 0 . For more details we refer to Refs. [30, 31] .
Relativistic coupled equations of motion
The fields mediating the inter-ionic interaction in the relativistic coupled equations of motion j = k =j (∇ × A jk ) with j, k ∈ {1, 2, . . . , N}. The interaction potentials read
A jk = q 8πǫ 0 c 2 |r jk | v k + r jk (v k · r jk ) |r jk | ,
with the relative displacement r jk = r j − r k and ǫ 0 being the vacuum permittivity. Equation (8) is the scalar part of the interaction given by the Coulomb potential, whereas relativistic effects such as retardation and current-current interaction are included in the Darwin vector potential up to O(β 2 ) [38] in equation (9) . Typical kinetic energies of the accelerated protons are of about 200
MeV (cf. Tab. 1), which corresponds to β 2 ≈ 0.3. Consequently, the truncation of the interaction up to O(β 2 ) is justified and higher-order contributions such as those up to O(β 4 ) in Ref. [39] will not be taken into account.
Equation (2) 
For each time step the system has to be solved algebraicly with respect to
. Then, a standard fourth-order Runge-Kutta algorithm is used to integrate the remaining system of ordinary differential equations.
